A global stability analysis of a Falkner-Skan-Cooke (FSC) boundary layer with distributed three-dimensional surface roughness is performed, using high-order direct numerical simulations. The FSC boundary layer models the flow over swept airplane wings, and therefore an onset of a global instability for a given roughness height is of great importance for aeronautical applications. The study shows that such a critical roughness height correspond to onset of global instability and that the numerical values compares with those of two-dimensional boundary layers. The origin of the instability is found in the near-field roughness wake.
Introduction
Due to its importance for modern airplanes, laminar-turbulent transition on swept wings has received a lot of attention during the last decades. In brief, swept wing boundary layers are fully three-dimensional and approximated by the Falkner-Skan-Cooke (FSC) similarity solutions. For this flow case the streamwise component of the free stream accelerates with downstream distance, whereas the corresponding spanwise component is constant. 1 At low levels of free-stream turbulence such as at free flight conditions, the flow is dominated by stationary crossflow (CF) vortices, which are initiated by surface roughness.
2 CF-vortices are found to be convectively unstable 3 and break down through secondary instabilities. 1 However, as the roughness size is increased, this transition scenario is seen to change into a rapid transition in close vicinity of the roughness element, similar to what is observed within two-dimensional boundary layers. 4 To date, the mechanisms behind this flow-behavior is not very well understood. The aim of the present work is therefore to study this issue in more depth, and in particular investigate whether this sudden transition corresponds to the onset of a global flow-instability. 
Methodology
The problem is approached using high order direct numerical simulations (DNS) with the spectral-element code (SEM) Nek5000 5 . The focus is on cylindrical roughness elements introduced by an immersed boundary method (IBM) 6 and placed in the beginning of the domain (20.59δ * 0 from the inlet, where the Reynolds number Re δ * 0 = 337.9 is prescribed). Specifically, the response of roughness with height k
This roughness protrudes slightly from the linear portion of the wall-parallel undisturbed velocity profile, u
To characterize the flow conditions in the vicinity of the roughness, a roughness Reynolds number is defined,
Here, the roughness elements are referred to as sub-or super-critical with respect to the global stability of the flow, while roughness causing rapid transition are denoted effective.
In the stability analysis, the flow field is decomposed into a steady base flow and an unsteady perturbation. The dynamics of the perturbation is analyzed using a linear global mode assumption, u ′ =ũ(x, y, z)e −iωt in whichũ represents the global eigenfunction, ℜ(ω) determine the frequency and ℑ(ω) the growth rate of the eigenmode. Due to the size of the computational mesh, the eigenmodes cannot be solved directly. Instead these are approximated through an iterative timestepper method, in which Nek5000 is used with the implicitly restarted Arnoldi method (IRAM) from the ARPACK library 7 . The linear eigenmodes are computed for steady-state solutions to Navier-Stokes, obtained with selective frequency damping (SFD) 8 . Figure 1 shows the flow field behind the two roughness elements. In the case of the smaller one with k * /δ * 0 = 0.9 (Re k = 233.96) no transition is observed, while for k * /δ * 0 = 1.1 (Re k = 338.86) flow transition occurs close to the roughness element (hence referred to as effective roughness). Comparison of the eigenvalue spectra (figure 2a) for the two cases, reveals that the leading eigenmodes of the effective roughness are unstable while the leading eigenmodes for k * /δ * 0 = 0.9 (hereafter referred to as sub-critical) are stable. Examination of the eigenfunctions for the subcritical case shows the existence of a discrete low-frequency mode 1 , some discrete stationary modes 9 and a number of high-frequency z-modes 1,10 along the continuous eigenvalue branch. For the effective one, the most unstable modes lie along the continuous branch and both z-modes and y-modes 10 are observed. Interestingly the z-and y-modes correspond to different ends of the continuous branch, and the transition between these is rather gradual, thus giving rise to modes having elements of both types (figure 2b). Given these bounding roughness elements, a marginally stable critical roughness is estimate to be Re k,t ≈ 285 with shape factor d/k = 6, through linear interpolation. Upon comparison of these values with those of two-dimensional boundary layers 4 a remarkably good agreement is found 9 . The present work extends the energy analysis of Malik et al. 10 to the global framework and investigates the main production and dissipation mechanisms for the z-and y-modes, and for the low-frequency and stationary modes. By considering the growth rates in the roughness wake of a stable and unstable z-mode, a region of strong damping is observed in the former case that is absent in the latter (see figure 3) . Closer study of these wake regions suggests that the root of the global instability does not lie within the vortex whirls induced by the horseshoe-vortex surrounding the roughness, but within the shear layers of the vortex structure developing from the top of the roughness 9 . This explains the good agreement in critical roughness values between two-and three-dimensional boundary layers, as the effect of adding a spanwise component mainly impacts the size of the structure of the horseshoe-vortex. In conclusion, the study shows that the details of the boundary layer may be of minor importance with respect to global instability. Instead the findings suggest that the instability arises as a result of the flow pattern induced by the roughness.
Results and discussion

